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Monatomic Gaseous Jet Expansion into a Vacuum
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An analytical investigation was made of rarefied gas flow in an axisymmetric jet exhausting
into a vacuum. A set of partial differential equations was derived for a single-component,
monatomic gas by taking moments of the Boltzmann equation with the BGK approximation

of the collision integral.
sonic approximation.
by the method of characteristics.

The truncation of the moment equations was based on the hyper-
The resulting partial differential equations were solved numerically
The accuraecy of the analytical technique was verified

by making calculations for a spherical source flow expansion and comparing the results with
The technique was then applied to the calcula-
tion of uniform parallel flow from a Mach 3.0 nozzle exhausting into a vacuum with throat
Reynolds numbers of 25 and 100. Noncontinuum effects were found to have little influence on
the density and velocity fields for nozzles of throat Reynolds numbers down to at least 25.
The temperatures were found to behave in much the same fashion as previously predicted
for spherical source flow; i.e., the parallel temperature component approaches a finite ““freez-
ing” temperature, and the two perpendicular components continue toward zero.

those obtained by a previous investigation.

Nomenclature

constant in Eq. (2)

distance normal to streamline and axial plane (binormal)
distribution funection

equilibrium distribution funection

molecular mass
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M = Mach number

n = distance normal to streamline in axial plane, also num-
ber density

P = pressure = (p; + P» + 2)/3; with s,n,b or ¢ subscript,
component of pressure or shear stress as indicated by
subseript

Q = factor in moment of Boltzmann equation

r = radial distance from nozzle axis, also distance from
point source

r* = gonic radius

R = nozzle exit radius

R, = gas constant

Re* = throat Reynolds number

distance along streamline
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T = temperature = (I's + T» + T%)/3; with s,n, or b
subseript, component of temperature defined by
T, = ps/Rgp, ete.

mass velocity

u =

z = axial distance measured from the nozzle exit

¢ = distance along characteristic line

7 = viscosity

6 = inclination of streamline

u = characteristic angle

£ = molecular velocity; with subsecript, component in
direction indicated by subseript

P = mass density = mn

T = tanu

Subscripts

s,m or b = components corresponding to s,n or b directions

t = shear stress

0 = source or chamber conditions

® = conditions immediately upstream of sharp corner

turn

Introduction

LOWFIELD definition of gaseous jets exhausting into a

vacuum has been of increasing interest in recent years
due to the use on space vehicles of small reaction motors in
attitude control and maneuvering, and due to the practice
of purging or venting unused propellants or liquid wastes
from space vehicles into the surrounding space environment.
The resulting jet plumes may impinge on surrounding ve-

hicle surfaces, thus causing heating and pressure loads and

surface contamination.

Gaseous jets exhausting into a vacuum expand to such low
densities that the intermolecular collision processes are un-
able to sustain thermodynamic equilibrium. Therefore, the
various temperatures associated with internal energy states
tend to freeze at some limiting finite value rather than pro-
ceeding toward zero as in the equilibrium case. This effect
has been investigated analytically by Hamel and Willis! and
Edwards and Cheng? for a monatomic gas in spherical flow
from a point source. The authors of Ref. 1 extended their
studies to include polyatomic gases and gas mixtures in Ref.
3. References 1 and 2 employ similar approaches which
involve moments of the Boltzmann equation with a solution
based on matched inner and outer asymptotic expansions.
The assumption is made that the nonequilibrium effects do
not become significant until the flow is hypersonic. Both
Refs. 1 and 2 develop equations for predicting a freezing static
temperature and a corresponding limiting Mach number.

Edwards and Rogers* developed flowfield equations for an
axisymmetric monatomic gaseous jet in hypersonic rarefied
flow. These equations were developed by taking moments
of the Boltzmann equation with the BGK approximation.
The velocity was assumed constant at the thermodynamic
limit. Although an actual solution to these equations was
not attempted, it was concluded, based on inspection of the
equations, that for high Reynolds number jets, the far-field
rarefied solution is quite similar to the isentropic (continuum)
solution.

Peracchio® performed a kinetic theory analysis for a two-
dimensional nozzle exhausting into a vacuum. His analysis
differed from the previous investigations primarily in that
the solution involved the BGK equation itself rather than
BGK moment equations. Peracchio emphasized in his
analysis the flow in the vieinity of the corner expansion and
the free streamline. No attention was given to far-field
temperature freezing or to the directionalizing of random
motion along streamlines.

Analytical Development

The analytical development is described as follows. A
more detailed account is given in Ref. 6.
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Flow Equations

The Boltzmann equation in axisymmetric streamline-
normal (intrinsic) coordinates is

{f:s - [a(a v g% ) zs%e]a%—

,c00]1
[s (ss ra ) -w | o
£ sing + &, cosf O }f _ <6f

S i r - E §>collisions (1)

where f(s,n, £, £, &) is the distribution function of molecular
velocities; s, n and b are, respectively, the positional coordi-
nates along the streamlines, normal to both the streamline
and the axial plane, and normal to the streamline in the axial
plane; £,&, and & are the molecular velocities in the s,
n and b directions; # is the inclination of the streamline
relative to the axis; 7 is the radial distance from the axis;
and (8f/6f)contisions is time rate of change of f due to inter-
molecular collisions.

Flowfield equations in terms of certain physically mean-
ingful moments of the distribution function are obtained by
taking moments of the Boltzmann equation. This is ac-
complished by multiplying Eq. (1) by some factor, Q(£,,£,,5);
and integrating over all velocities. The following moments
of the distribution function will be considered as the variables
describing the flowfield.

p = mffd*t, u = m/pfEfdE
pe = mf (& — WHDE, p. = mfEd*E
P = mf&d*E, po = mf (& — w)b.fd*E

For moments where @ is a collision invariant, i.e., molecular
mass m; linear momentum mé,, mé&,, or m§&; or energy
(m/2)(£2 + £.2 + &?); the integral of the collision term
(8f/8t) coriisions, 18 equal to zero regardless of its form. For
general @, some simplifying assumption regarding the form
of the collision term must be made in order to evaluate the
integral in algebraic terms.

Edwards and Rogers? employed the BGK approximation”
to the collision term

(8f/8t)cortisions = An(F — f) (2)

where A is a constant, n is the number density (molecules
per unit volume), and F is the equilibrium distribution
function. Edwards and Rogers derived their equations
letting the value of A remain unspecified. The BGK ap-
proximation is also employed in the present study. Since
this study is concerned with essentially a viscous flow prob-
lem, however, a value of A is specified such that the second-
order moment equations reduce to the Navier-Stokes shear
stress-viscosity relationship near equilibrium. The present
Amn is thus specified to be p/n, where p = (3)(ps + pn + 2»)
and 7 is viscosity. The use of Holway’s ellipsoidal statistical
model® or the exact Maxwell-Boltzmann collision operator
for Maxwell molecules (inverse fifth power repulsion) leads
to the same result.

By setting @ equal to m, m&, mé&,, m&?2, mé&,.2, mé&? and
mé k., a set of seven first-order quasi-linear partial differen-
tial equations is obtained in terms of the seven flow param-
eters p,u,ps,Pa,pp,p: and 8, where 6 is the ineclination of the
streamline to the axis. These equations are listed as follows:

when @ =
(1/p) Op/ds + (1/u) Ou/ds + 36/0n + sinf/r = 0 (3)
when Q = mé&,
Ops |, Op: ou o8
-bg_*— on +pubs 2p‘bs+
sinfl cosfd

(ps pn)—+f~(ps—pb)+——pt—0 4)
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when @ = mé,
OPa o) o of o6
St Dt oS+ 2p St (= ) S+
0 sinfd
ﬁ(z’n—pb)%—l.pz—O 6))
when @ = mé?
ou ot}
bps + 3ps + psu — + 2p. — 2pau — 5
siné
——up, — = (p —p:) =0 (6
T ~1— 0 0
p
1
LW oYU 0
=1 —(ps — pu) 7(ou* + ps
0 T 0
0 0 -1
0 0 0
when @ = mé.?
OPn 00
~pf+pn +3pnu +4p,ua—+
sinf
—upn-* ®—p) =0 (7)
when Q@ = mé&?
fe)} ]
w4+ +pbu +33n— —%(p—pb)=
€))
when @ = mé&é,
D o6
p’ + 2pt + 2ptu -I- (2ps — pa)u 35 +
0
+ s& Pz+%Pt =0 (9

These equations reduce to Edwards and Rogers’ equations
for constant u

As with Edwards and Rogers, the set of moment equations
was truncated by use of the hypersonic approximation.
This approximation requires that the mass velocity u be
much greater than a characteristic thermal velocity based
on local temperature. This allows the consistent dropping
of terms containing moments of higher order than the pressure
and shear stress components.

In addition to the above equations, an energy equation
may be obtained by setting @ = (m/2)(&2 + &2 + &2), or
by simply adding the moment equations for Q@ = méE2,
mE:2, and m&?  After some manipulations involving
combinations with the moment equations for @ = m and
m&,, the following is obtained:

3ps + pu £ s
bs( + 2>+

p
2 6
(cos _

r

> (upt) =0 (10)
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For p; = 0, the quantity 3p, + p. + ps)/p + u?is seen to be
conserved along streamlines. Although Eq. (10) is not
used in the solution for the flowfield variables, it can be used
as a check on the solution for p, = 0.

Method-of-Characteristies Solution

The flowfield equations, Eqgs. (3-9) developed in the pre-
ceding section form a hyperbolic set which may be solved
numerically by the method of characteristics. For sim-
plicity, p. was set equal to zero, thus reducing the set of
equations and variables from seven to six. The slope,

= tany, of the characteristic curve { with respect to the
streamline s is found by solving the following determinant
set equal to zero:

0 0 0

Dy 3Tps  TPn

— ) —pu —pa —3pa | ° (11)
0 U 0
0 0 TU
TU 0 0

or

- _ 3pn + pu*/ (pu® — 3ps)>”2
_Oandfr—:k:< PR — (12)

An inspection of the above equation for r s 0 indicates
that an imaginary slope would be obtained in some instances
at Mach numbers near unity. The use of this analysis under
those conditions, however, would be contradictory of the
hypersonic approximation. The compatibility relations
along the characteristic curve for 7 = 0 (along the stream-

line) are
bps 1 2 O_u_
a{Jru(pu ps+pn)a
) ]
= p) % S0, gy ~0 a3)
p of
oy _ mOp | Gs8 - p o
o¢ pa§_+2rpb un(p p) =0 (14)
op, &%_&%__ _
0§‘+2u0§‘ » o (p—p)=0 (15)
Opn o PadU o PaQp 800 p
% 2ub§‘ 3pb§‘ 2Tpn 1“7(10 Pa) = 0
(16)

The compatibility relations for 7 > 0 are

SIn” 24 (Pu2 - Spa) (Pu2 + Ds + 2pn)]

? — 3p. Opa 0
u? = 3p. Op —S%—(puZ—Sps‘*‘pb)"‘_

cosp P Of
cosf tan n — D
_r_"‘ (pu? — 3py) P — Py _

n

Py 2_3sp_p":l=0 17
un[’p ps + (pu Ds) " an

n

Corner Expansion Equations

The usual finite difference method-of-characteristics equa-
tions cannot be applied directly to calculate the variation in
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Fig. 1 Sketch of rounded-
corner turn.

flow properties about a singular point such as a sharp-corner
turn. It is necessary, therefore, to develop a special set of
Prandtl-Meyer type relations for this purpose. Consider
the rounded-corner turn shown in Fig. 1, where the stream-
line characteristic ¢, follows the corner boundary, and {=
and ¢z follow right and left-running characteristics. The
solution of the corner expansion problem is obtained by
using the method of characteristics to obtain the properties
at the point P” from the previously established properties
at P and P’, and then allowing & and A# to approach zero.
The streamline characteristic equations, Eqgs. (13-16), become

dps 2 _ dw o de _
d0 + (pu Ps + pn) ud0 (ps pn) Pd0 - 0 (18)
i dp
7 Do odf 0 (19)
dp; du dp
o 2P uap T P pas = ° 20)
ooy du o dp _
I L R e TR 1)
Equations (19-21) can be integrated as follows:
/P = p/ P (22)
Po/Po = (0/p)/ (/1) (23)
Po/Po = (U/u)?(0/px)? (24)

where the « subscript refers to conditions immediately prior
to turning the corner. The following expression for w can
be obtained by combining Eqgs. (18, 20, and 24), neglecting
terms of p/pu? compared to unity, and integrating:

u/uw = exp { [3/(10Mm2) ] [1 - (P/Pm)2]} (25)

where

Mt = (£)(pstia?/Ps)

Applying Eq. (25) to Eqs. (22-24) results in four equations
defining p.,p», ps and u in terms of p. This provides four
of the five required equations for finding p,,p.,psu and p in
terms of 6. The fifth equation is obtained from the left-
running characteristic equation and the variation of proper-
ties along A¢r.

dp. .
—— = Sy cosy X
pu

(pa/ou)? + (1 — 3p./pu?) [1 + (p: + 2p.)/pu?]
(I — 3p./pu?)

Again neglecting terms of p/pu? compared to unity, using
the approximation tanu 22 (3p./pu?)/? and integrating yields:

0 = 0o + [3/(62M:)][1 — (p/p=)] @7)

Equations (22-25 and 27) are the five equations required
for finding the variation of p,,p.,ps, p and u with respect to
0. These equations, as mentioned previously, were obtained
from characteristic equations which were, in turn, obtained
from a set of partial differential equations in which the
assumptions were made that the shear stress and all higher
moments (heat flux, ete.) were negligible. These assump-

a9 (26)
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tions eannot be expected to be as accurate in the singular
region about a sharp-corner turn as one would expect them
to be in the mainstream. Nevertheless, the derived equa-
tions do provide a means of negotiating the corner turn,
and any calculated flow peculiarities in the immediate vieinity
of the sharp corner will be overridden by the mainstream
flow after a few relaxation distances downstream of the
corner. Moreover, in a real nozzle, a perfectly sharp corner
does not exist, and, in addition, a boundary layer would be
present to further round the flow about the corner.

Numerical Solution

The characteristics equations, Eqs. (13-17), were placed
in finite difference form and programmed for a numerical
solution on a digital computer. The corner expansion
equations, ¥qgs. (22-25 and 27) were used to calculate the
variation in flow properties around the nozzle lip. To insure
stability in the numerical solution, the step size along the
streamline characteristic must be less than the relaxation
distance un/p.

Discussion of Results

Before applying the calculation procedure developed in
the preceding sections to a nozzle expansion, the accuracy of
the technique was checked by application to the spherical
source flow expansion investigated by Hamel and Willis.!
The computer program was modified for calculating along a
single ray running at a 45° angle to the axis. Spherical
symmetry was imposed with the ray being a streamline.
The properties at the starting location were taken from a
continuum solution for spherical flow. Several different
caleulations were made in which the starting location and the
step size were varied. It was found that so long as the step
size was maintained smaller than that required for stability,
the influence of step size on accuracy was negligible. The
choice of starting location, however, was found to be con-
siderably more important. The starting location must be
chosen such that the flow is still near thermodynamic equilib-
rium. If this is not done, the calculated properties will ini-
tially lag behind the actual properties, and due to the rapid
pace of the expansion process coupled with the continual
decrease in magnitude of the relaxation terms, the calculated
values will be unable to overtake the actual values. Shown
in Fig. 2 are the method-of-characteristics caleulated tem-
peratures, T, and T, compared with the calculations of
Hamel and Willis. The source Reynolds number is given
here in terms of an inverse source Knudsen number Knp—, of

10 & T T
= -l
- KnD = 1000
= Ts Tn
L 7 o e o A
m o T . A
10°

E —_— HAMEL AND WILLIS (REF I} |
. CONTINUUM INVISCID

!
2o
B10E N
H Q
n ~
L ¢
167 &
N q
lo'3 Ll Lo
() 3
10 10 10° 10

Fig. 2 Temperature variation for spherical source flow.



FEBRUARY 1971

1000 based on an equivalent freejet orifice diameter (see
Hamel and Willis). For hard sphere molecules (n « T1/2),
the present results for both T, and T, are seen to compare
very closely with Hamel and Willis. Fair agreement is ob-
tained for Maxwell molecules (n « T).

After establishing at least a reasonable degree of accuracy
for the analytical technique, the method was applied to a
nozzle expansion with uniform parailel flow at the exit with
no boundary layer. There is no problem in this case with
the starting values, as was encountered with spherical flow,
because the uniform parallel flow initial conditions require
that the pressure components be initially equal. Figure 3
is a plot of density contours for throat Reynolds numbers
Re* of 25 and 100 compared to continuum inviscid flow.
The continuum inviscid calculations were made using the
computer program described in Ref. 9. The two rarefied
flow cases are seen to compare very closely with the con-
tinuum inviseid case. Slight differences are noted near the
high curvature points on the contours. These small differ-
ences, however, may be due to the errors in the numerical
calculations being accentuated in this high curvature region.
Also, the corner expansion equation may introduce small
errors which are propagated outward in this fashion. It was
mentioned previously in the derivation of the corner expan-
sion equations that the assumptions of zero shear stress and
heat flux could not be considered very accurate in the neigh-
borhood of a sharp corher turn.

Another perspective of the density variation is seen in the
axial distribution shown in Fig. 4 and in the radial distribution
shown in Fig. 5. In Fig. 4 both the rarefied flow cases and
the continuum inviscid case are compared to a faired straight
line of slope equal to —2. Both the rarefied flow cases and
the continuum inviscid case should approach a straight line
of this slope in the outer limit. Close agreement is observed
between the rarefied flow cases and the continuum inviseid
case, and both are seen to lié very close to the faired line,
The radial distribution in Fig. 5 is shown out to the outer
limit of the calculations. Fairly close agreement is again
shown in the rarefied flow cases and the continuum inviscid
case.

The axial temperature distribution, for both T, and T, is
shown in Fig. 6. On the axis, T} is identical to T.. 7T, is
seen to depart from continuum inviscid flow and approach
a constant as the distance is increased. T., however, re-
mains very close to continuum inviseid. The radial tem-
perature distribution for 7., T, and T is shown in Fig. 7.
At this axial location, 7, has already departed significantly

40 T ‘
‘
! o P/ =00l
AN
R i e e
J
A
o]
€ 20 - S N —
Mg =30
O Ré-25 o
& Re-100
— CONTINUUM INVISCID
|
1.0 N - R 1 — A —
o]
Ay
o]
0
20 30

x/R

Fig. 3 Density contours for rarefied flow compared to
continuum inviscid flow.
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T
EXIT CONDITIONS
Mg = 30
T WR=0
o ReY=25
o Re*=100
0 CONTINUUM INVISCID
— FAIRED CURVE, SLOPE=-2

p/e

167 | - e

!

e

C 1 L 1 IO I IL 1
| 5 10 50
x/R

Fig. 4 Axial density distribution for rarefied flow com-
pared to continuum inviscid flow.

from continuum inviscid flow on the axis (Fig. 6). As the
radial position is increased, T, remains relatively constant.
T, and T, are identical on the axis, and, as r/R increases, T,
decreases continuously, with 7, lagging somewhat behind.

Conclusions

These results indicate that noncontinuum flow effects do
not have a very large influence on the density and velocity
fields for nozzles of throat Reynolds numbers down to at
least 25. This is true even out in the far fleld where ex-
tremely low densities are ehcountered. For high Reynolds
number nozzles, where noncontinuum effects do not become
manifest until the flow is hypersonic (velocity is nearly at
the thermodynamic limit ahd the streamlines are nearly
straight), the density field downstream is determined solely
by the geometrical divergence of the straight streamlines.

.
\
|
\
EXIT CONDITIONS

e
a
-2 !
10 N —
x/R =20
o Re's25 ‘
* °
o Re*=100
r  ~—— CONTINUUM INVISCID
|
1073
o] [Ke) 20

r/R

Fig. 5 Radial density distribution for rarefied flow com-
pared to continuum inviscid flow.
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Fig. 6 Axial temperature distribution for rarefied flow
compared to continuum inviscid flow.

The density field, therefore, is essentially unaffected by
transition from continuum flow. Even for the very low
Reynolds number nozzles investigated herein, the density
field does not appear to be affected significantly by transition
to noncontinuum flow.

The temperatures were found to display noncontinuum
effects in much the same fashion as predicted previously for
spherical source flow; i.e., the parallel component T, ap-
proaches a limiting finite value while the perpendicular
components T, and T, continue to approach zero. For the
usual high Reynolds number jet exhausting into a vacuum,
however, these effects occur at very low values of tempera-~
ture, and, therefore, have little effect on the energy content
and flow of the gas.

The above results indicate that it may be possible to calcu-
late fairly accurate flowfield temperatures by caleulating an
effective source density for each streamline, and then com-
puting the temperature along the streamline by using the
theory of Ref. 1.

The authors’ attention has recently been directed to the
“jet shredding” effect discussed in Ref. 10. This effect is
the disruption of streamlines due to transverse thermal
streaming. Although jet shredding was not investigated
specifically in the present study, the analytical technique
described herein would appear to be useful in the investiga-
tion of this effect.
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